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"EAeyy0¢ XNUOVTIKOTNTOS TOV HOVTEAOD

[0 va eheyybel mOGO KOAQX 1M GLVAPTNON TNC TOAIVOPOUNGTG

TPOGOPUOCETAL GTO OEOOUEVOL EIVOIL OTTAPOITNTO VO KOTOUOKEVOAGTEL O
rivaxoag ANOVA.

Model Sum of Squares | d.f Mean Square = Sig.
Regression 1 RMS=RSS/1

Residuals n2  EMS=ESS/n-2 | RMS/EMS i Sig.F
Total n-1

AvTtOC 0 Tivakac O&lyvel OV TO UOVIEAO TNC TAALVOPOUNGTG
TpoPAETEL TNV €CAPTNUEVN LETAPANTY GNUOVTIKA KOAQ.

Av  SIg.F < a 10te 10 TWOAWVOPOMIKO HOVIEAD TPOPALETEL
OTOTIOTIKO OoNUOvVTIKA TNV eCaptnuévn  upetaPant)  (koin

TPOGAPLOYT TOV OEOOUEVOV).
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"EAgyY0C oNUAVTIKOTNTOS TOV GUVTEAECTOV

O cLVVTEAEGTNC TOAIVOPOUNGTG  TIPETEL Vo EAEYYDEl
Y10l TNV CNUOVTIKOTHTO.

YnobBéoelc 2TATIGTIKOC EAEYYOG:
OTOV:

Amoppintovpe v Hy av Sig.<a 1
H t- katavoun ypnowonoteitar, e N-2 Paduovg eAevbepioc

H amoppwyn g unoevikng vmobeonc onuaiver 0Tl vadpyel
YPOUUIKT KOl OTATIGTIKA ONUAVTIKN] GYEC0MN  UETAED TG
eCAPTNUEVNC KL TNG AVEEAPTNTNG UETUPANTNC
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Awdotnpo Epmetosvvng Yo 1o

H popen tov d106TNUaTOC EUTIGTOGVVG Y10 TO etva:

O onuelokoc eKTIUNTNG €ivol Kol T0 TEPOMPLO TOL

GPAALOTOG Le o emimedo onuovtikotnTac Ko N-2 d.f.

Av nomoBetikn tiun 0 tov  dev meprhapuPdvetor 6To dOdoTnUX
EUTIOTOGVVNG, UTOPOVUE VO OTOPPIYOLUE TNV  UNOEVIKN
VO0EGT KOl VO GLUTEPAVOLUE OTL LTAPYEL WO CTOTIOTIKA
OTNUOVTIKT] OYE0T UETAED TOV UETAPANTOV.
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Example of simple linear regression
Ice cream sales and average monthly temperature are given In
the table below:

Months Average Sales Develop an estimated
Temperature °C  (in thousands €) regression equation

January 4 73 for these data

February 4 o/

March 7 81

April 8 94

May 12 110

June 15 124

July 16 134

August 17 139

September 14 124

October 11 103

November 7 81

December 5 80 EucTa8i0G AQuNTRIAoNG 5



1. Variables’ Definition: y= Sales, y= Temperature

2. Test for Linearity

ANOVA Table
Sumof  df Mean = Sig.
Squares Square
(Combined) 7546,000 9 838444 1549 0073
Between | . : ;
los Groups Linearity 7420,176 1 7420,176 115,940 0.009
sales . : :
Temperature Deviation from Linearity 125,824 8 15,728 246 0,940
Within Groups 128,000 2 64,000
Total 7674,000 11

Based on the ANOVA table, value Sig. Deviation from
Linearity of 0,940>0,05 it can be concluded that there
IS a linear relationship between the variables
“Temperature” and “Sales”.
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3. Test for Normality

Tests of Normality

Kolmogorov-Smirnov Shapiro-Wilk
Statistic  df Sig.  Statistic df  Sig.
icecreamsales 191 12 200" 948 12 0,604

Tests of Normality

Kolmogorov-Smirnov? Shapiro-Wilk
Statistic df Sig.  Statistic df  Sig.
Temperature ,163 12 ,200" 914 12 0,242

Based on Shapiro Wilk’s test, the significance value for the two
variables are 0,604 (sales) and 0,242 (temperature). Based on this
test, the sales and temperature significance values are >0,05 and we
can conclude that the two variables are normally distributed.
Note!!!

Kolmogorov- Smirnov test for large samples is used.
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4. Development of the estimated regression eqguation

ANOVA?
Model Sum of Squares df Mean Square  F Sig.
Regression 7420,176 1 7420,176 292,335 ,000°
1 Residual 253,824 10 25,382
Total 7674,000 11

This ANOVA table indicates that the regression model
predicts the dependent variable significantly well because
the Sig.F =0,000<0,05.
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Model Summary®

Model R R Square A(gusted R Std. Error of Durbin-
quare the Estimate Watson
1 9832 967 ,964 5,03809 2,179

a. Predictors: (Constant), Temperature

b. Dependent Variable: ice cream sales

In the table Model Summary we have:

1. Correlation coefficient R=0,983

2. Coefficient of Determination R%=0,967 =(0,983)2

3. Adjusted R°=0,964 and

4. Durbin —Watson index of Autocorrelation =2,1/9

R? with a value of 0,967 indicates that 96,7% of the variation of the
“sales” Is explained by the “temperature”. D.\\V =2,197 Indicates that

there Is no serious symptom of autocorrelation
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Coefficients?

Model Unstandardized Coefficients  Standardized t Sig.
Coefficients
B Std. Error Beta
(Constant) 45,520 3,503 12,996 0,000
Temperature 5,448 ,319 ,983 17,098 0,000

a. Dependent Variable: ice cream sales

The estimated regression model is:
Sales = 45,520+ 5,448*Temperature
The regression coefficient = 5,448 is statistically significant

as the value 17,098 of t, is significant (sig.t=0,000<0,05).

That means that there is a linear and statistically significant
relation between sales and temperature.
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5. 'EAeyyog yva Heteroskedasticity

Heteroskedasticity: Etvot ypniowuo va e€etactel av vidpyel olopopd
GTNV OOKVUOVOT] TOV KOTOAOITOU TNG TEPLOOOVL TOPAUTIPNONG LE
GAAN TEPLOOO TTOPATPNONG. XE £VOL KOAO LOVTIEAO TAALVOPOUNGNG
OV TPEMEL Vo VEAPYEL TPOPANUO  eTepockedacTiKOTNTOC. M
oToTIoTIKY] uEB0OOC mov umopel va  ypnowomownBel yioo  va
TPOGOLOPIGTEL €dv  €va HOVTEAO Elvorl  omaAAOYUEVO OO  TO
TPOPANUa TNG ETEPOCKEIICTIKOTNTOC Elvon 0 EAgyyoc Glejser.

[0 vo epoapuocete avtd Ttov EAEyyo, Oo mpémer mpoTO VO
armoOnkevtovv ¢ véa petofinty (RES_ 1) ta un tvmomoinuéva
KotaAowma. Metd and avtod, Ba mpeEmEl vo VTOAOYIGTOUV KOl VO
amoOnkevtovv ¢ véa petafinty (ABS RES 1) o1 amdivtec Tipéc
TOV KOTOAOIT®V. TEAOC, EKTEAECTE VO LOVTEAD TOALVOPOUNGNG LE
eCaptnuévn petaPant m puetapfint ABS_RES 1.
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Coefficients?
Model Unstandardized Standardized t Sig.
Coefficients Coefficients

B Std. Error Beta

(Constant) 8,291 1,333 6,219 0,000

1
Temperature -,459 121 -, 767 -3,784 0,004

a. Dependent Variable: ABS RES 1

If the value Sig.> 0,05 then there is no problem of Heteroskedasticity

If the value Sig.< 0,05 then there is problem of Heteroskedasticity

Based on output “coefficients” the obtained value of Sig. Temperature

of 0,004 <0,05 means that there is problem of Heteroskedasticity
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Iog nmopeite vo Pehtiooete TNV oKPLPELO EVOS HOVTEAOD
TOAMVOPOUNONC;

Yndpyovv Alyec evépyeleg mov pumopet va yivouv otav ta ocdoueva mopaPrdlovv Tig vrobicelg
moAvopounonc. Mio mpopavnc Abon eivor n ypnion oAyopibumv mov evromilovv N un
YPOUUIKOTNTO, APKETA KOAL. AV €10TE OUOG OTOPAGIGUEVOL VO, YPTGLLUOTOW|GETE OTMGONTOTE

TOALVOPOUNGT), AKOAOVOEIGTE LEPIKES GLUPOVAEC TOV UTOPEITE VO, EPAPUOGETE.
e EQv 10 0gdouéval GOC TAGYOLV OmO UK YPOUHIKOTHTA, TPOTOTOUOTE TIC

aveEdptnteg petoPfAntéc ypnopomormvtag sqrt, log, square k..

e EQv 1o dgo0ouéva GOC TAGYOLV OO ETEPOCKEOIKOTITA, TPOMOMOMOTE TNV
eCoptnuévn petafinty ypnowomotmvtac sqrt, log, square k.An. Emiong unopeite va,
YPNOLOTOMGETE TNV UEOOOO EAOYIOTOV TETPAYOVMOV Y10 VO OVTIIUETOTIGETE CLTO TO
TpOPANUQL.

e EQv 10 0€00UEVO GOC TAGYOVY OO TOAVYPAUUIKOTHTA, YPNCILOTOGTE LUl UNTpo
CUGYETIONG Y10 VO EAEYEETE TIC CLGYETICUEVEC HETAPANTES. AC vmoBEésovue OTL Ot
uetafPaAntéc A xar B givon moAd cvoyeticpéves. Topa, avti va apoipEécete puio amod
AVTEC, YPNOLLOTOMMOTE QLTNV TNV TPOGEYYIoT: Bpelte tn uEon cuoyEtion tov A Kol
B ue 1ic vworowmeg petafintéc. Omota petafAnt £xel tov vynAdteEPO LEGO OPO GE
oUYKPLoT UE GAAEC LeTAPANTES, KATAPYNOTE TNV.

*Mnopeite va Kdvete emhoyn uetaPAnt ue Pdon tic tweg p. Edv wa petafAntm
eupoviCer tiun p> 0,05, umopodue va kotopyocovue avtny ™ HeTaPAntn and 1o
novtéro, kabmc otav p> 0,05, anotdyydvovue TAVTOA VO, ATOPPIYOVUE TNV UNOEVIKT
vodeon.



2. Ilodhamin IHoiwvopounon

(000 1] TEPLOCOTEPEC OVEEAPTNTES

UeTAPANTEC)

EucTtabiog AqunTpIaons
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IHoAlamin Iaiwvopounon

B [loAlamAn moAtvopounon €ival 1 LEAETN TOV TOC Lol EEOPTNUEVT
uetaPAnt oyetiCetor pe o000 1M MEPIGCOTEPES  OAVEECAPTNTEC
uetaPAnNTEC.

Movtélo HoAlaming Hoitvopounong
B To poviélo ToOALATANG TOALVOPOUNONG Elvat:

OOV
Lo KAl f1, Poyeeesff,. OVOUALOVTOL TAPTUETPOL TOV LOVTIEAOV,
& gtvon 1 Toyoia petaPAntr) mov ovoudLETOL 0POS GCPALUATOC.
Y VO YPOULULKT] GUVAPTNGT] TOV Y1y X9« e )f,c ODV €
[ivetou n vodBeon 6t n & arxolovbei N(0, 62)
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Multiple Regression Equation

m Under the assumption that the mean or expected value of ¢

IS zero the mean or expected value of y, denoted E(Yy) Is:

The equation above that describes how the mean value of y Is

related to y,, x,,....x, 1S called multiple regression equation.

EucTtabiog AqunTpIaons 16



Estimated Multiple Regression Equation

m The values of g, f,, fp,,.....p,. of the regression equation
are not known and must be estimated from sample data. A
simple random sample Is used to compute samples

statistics that are used as the point estimators

of the parameters f,, f1, fo,-.--p,. -

m The estimated multiple regression equation is:

Where are the estimates of £, f1, floseeeeesfi,.

= estimated value of y
EucTtabiog AqunTpIaons
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|_east Squares Method

m The estimated multiple regression equation is:

Error or Residual:

The development of estimated regression equation Is based
In the last square method. The presentation of the formula
for the regression coefficients Involves the use
of matrix algebra and is beyond the scope of this course.

| east Squares Criterion:

EucTtabiog AqunTpIaons 18



Test of significance of the regression model

In order to test how well the regression equation fits the data (i.e.,
predicts the dependent variable) the table ANOVA is needed to be

constructed.

Model Sum of Squares | d.f Mean Square = Sig.

Regression Kk RMS=RSS/k
RMS/EMS Sig.F

Residuals n-k-1 EMS=ESS/n-k-1
Total n-1

k = the number of independent variables

This table indicates If the regression model predicts the dependent

variable significantly well. If Sig.F < a indicates that, overall the
regression model statistically significantly predicts the outcome

variable (i.e., it is a good fit for the data).
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Test of significance of the Regression Coefficients

The regression coefficients  should be tested for
significance.

Hypotheses Test Statistics:

Where:

Reject H, If Sig.<a or

t- distribution is used, with n-k-1 degrees of freedom

The rejection of null hypothesis means that there iIs a linear

and statistically significant relation between dependent and

Independent variable.
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Confidence Interval for p,

The form of a confidence interval for g is as follows:

The point estimator iIs  and the margin of error is

with a level of significance and n-k-1 d.f.

If O, the hypothesized value of f; is not included In the
confidence interval, we can reject the null hypothesis and
conclude that a significant relationship exists between the
variables.
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Multiple Coefficient of Determination

The multiple coefficient of determination can be
Interpreted as the percentage of the variance of y that
can be explained by the estimated regression equation.

R- square:

Adjusted R- square:

EucTtabiog AqunTpIaons 22



Determining When to Add or Delete Variables

An F test can be used to determine whether it is advantageous to add
one or more independent variables to a multiple regression model.
This test 1s based on a determination of the amount of reduction In
the error sum of squares resulting from adding one or more
Independent variables to the model.

The steps that we should follow to determine when to add or delete
variables are:

*Run a regression model with one or more independent variables.
*Calculate the error sum of squares denoted by ESS(yy, %, -----%)
*Run a new regression model with the added new variables
*Calculate the error sum of squares denoted by ESS(x;, xp.----Xgs
Xq+1"""’Xp)

Calculate the reduction in ESS resulting from adding the new
variables.

*Perform an F test to determine whether this reduction is significant.
EucTtabiog AqunTpIaons 23



Where, g=the number of variables in the initial regression model
p= the number of variables after adding the new
variables
n= the number of observations

If F>F, we reject the null hypothesis and conclude that the set of
additional independent variables is statistically significant.
F statistic is used with p-g numerator degrees of freedom and n-p-

1 denominator degrees of freedom.

EucTtabiog AqunTpIaons 24



Example

The Butler Trucking Company is an independent trucking company in south
California. A major portion of Butler’s business involves deliveries throughout its
local area. To develop better work schedules, the managers want to estimate the
total daily travel time for the drivers. Initially the managers believed that the total
daily travel time would be closely related to the number of miles traveled in making
the daily deliveries. In attempting to identify another independent variable, the
managers felt that the number of deliveries could also contribute to the total travel
time. A simple random sample of 10 driving assignments provided the data shown
In the table.

Driving r,=Miles  y,= Deliveries y=Travel
Assignment  Traveled time (hours)
1 100 4 9,3
2 50 3 4,8
3 100 4 8,9
4 100 2 6,5
5 50 2 4,2
6 80 2 6,2
7 I 3 7,4
8 65 4 6,0
9 90 3 7,6
10 90 2 6,1
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The estimated regression equation in the case in which
the only independent variable is the “miles traveled” is:

and the ESS(y,)=8,029
Adding the variable x, “number of deliveries”
the estimated regression equation Is:

and the ESS(y,,x»)=2,299

ESS(y,)-ESS(y.x,)=8,029-2,299=5,730
An F test will performed to determine whether this

reduction is significant.
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At 5% level of significance the value of F statistic with 1 d.f for the
numerator and 7 for denominator is 5,59.

Thus, F=17,45>5,59=F, and we can conclude that the reduction in
the error sum of squares is significant. That means that it is

advantageous to add the y, variable.
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Correlation Analysis

EucTtabiog AqunTpIaons
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Correlation Analysis

Correlation Analysis Is statistical method that Is used to
discover If there Is a relationship between two variables,
and how strong that relationship may be.

Correlations are useful because If you can find out what
relationship variables have, you can make predictions
about future behavior. Businesses use these statistics for
budgets and business plans.
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Coefficient of Linear Correlation:

or

* Values of the correlation coefficient are always between
-1 and +1.

A value of +1 indicates that the two variables are perfectly
related in a positive linear sense.

A value of -1 indicates that the two variables are perfectly
related in a negative linear sense.

e VValues of the correlation coefficient close to zero indicate that
the two variables are not linearly related.

*\/alues of the correlation coefficient >+0,7 or <-0,7 indicate a

strong linear relation between the two variables.
EucTabiog AqunTpIdons ]0)



XopoKTNPIGUOS XVGYETIONS

r >+0.70

IIoAv dvvat) OsTikn oyéon

+0.40 <r < +0.69

Avvati 0Tk oyéon

+0.30 <r <+0.39

MéTpra ovvarr OeTikn) oyéon

+0.20<r<+0.29

Advvartn OsTikn oyéon

+0.01<r<+0.19

Kaopio | apeintéa oyéon

0 Kaopia oyéon

-0,19<r<-0.01 Kaopia 1 apeintéo oyéon
-0,29<r< -0.20 AOVVOTI OPVNTIKT GYE0T)
-0,39< r< -0.30 METpro OVVaTI) OPVITIKT GYEon
-0.69<r<-0.40 AvvaoTi] 0pvNTIKI] 6YEon
r<-0.70 oAV dvvaTh apvnTIKN 6)£0T)

EucTtabiog AqunTpIaons
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Test of significance of the Correlation Coefficient

Performing the Hypothesis Test
Null Hypothesis: Hy: p,, =0
Alternate Hypothesis: H;: p,, # 0

Test Statistics: with n-2 d.f

Reject H, If Sig.<a or
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Covariance

COM(X,Y) =

1. If COV(X,Y) >0 positive covariance
2. If COV(X,Y)<0 negative covariance
3. If COV(X,Y)=0 no covariance

EucTtabiog AqunTpIaons
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Positive Covariance

EucTtabiog AqunTpIaons
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Negative covariance

EucTtabiog AqunTpIaons
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Zero covariance

EucTtabiog AqunTpIaons
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Partial Correlation

A partial correlation determines the linear relationship
between two variables when accounting for one or more other
variables. Typically, researchers and practitioners apply partial
correlation analyses when (a) a variable Is known to bias a
relationship (b) or a certain variable is already known to have
an impact, and you want to analyze the relationship of two
variables beyond this other known variable.

Notice that the partial correlation i1s somewhat smaller than
the simple correlation. This suggests that part of the simple
correlation Is due to each of the variables being related to
control variable.
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Formula for Partial Correlation

Formula for partial correlation coefficient for y and v,
controlling for z.

We must first calculate the zero-order (bivariate correlation)
coefficients between all possible pairs of variables (y and y, y and z,

v and z) before solving this formula.
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Example of Partial Correlation

Family | Husband’s | Number of | Husband’s Years CalCUla’_[e the partial
Housework | children of Education correlation between

y X Z husbands’ housework (YY)
and number of children
(X), controlling for
husbands’ years of
education (Z)

T @ T m O O T >

onr o1 B B WO W DD PP P = -

1
2
3
5
3
1
5
0
6
3
7
4

- X <
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The table below contains all the bivariate correlations
among the variables.

Zero- order Correlations

y X 4
y 1 0,499 -0,296
« 0,499 1 -0,466
. -0,296 -0,466 1

The partial correlation i1s somewhat smaller than

the simple correlation between y and .
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111 An other way to compute Partial Correlation

The Partial Correlation of variables A and B after removing the effect of
variable C is estimated as follows:

* Regress variable Aon C

e Regress variable Bon C

» [For each case, compute the residuals for each of the regression equations

« Compute the usual Pearson correlation between the two sets of residuals.

The residuals represent variables A and B with the effect of variable C

removed.
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